We analyze the photon correlations in an optomechanical system containing two nonlinear optical modes and one mechanical mode which are coupled via a three-mode mixing. Under a weak driving condition, we determine the optimal conditions for photon antibunching in the weak Kerr-nonlinear regime and we find that the analytical calculations are consistent with the numerical results. The photon blockade effect is attributed to destructive quantum interference in the two-photon excitation pathways created as a result of the three-mode interaction.
I. INTRODUCTION
The field of cavity optomechanics research, that deals with the effects resulting from light-matter interaction among cavity modes and mechanical motion, has attracted considerable attention in recent years [1] . This is primarily owing to its possible futuristic applications in quantum sensors, quantum information processing, solidstate implementation of quantum memory and so on, apart from being a viable tool for testing fundamentals of quantum mechanics [2, 3] . Following the early theories on cavity optomechanical cooling of mechanical resonators, recent progress in optomechanical experiments has enabled the realization of mechanical resonators near to the ground state [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . This has opened up newer avenues for quantum applications of optomechanical systems [15] [16] [17] . Recently, cavity optomechanical systems have been studied for its inherent nonlinear coupling to achieve photon blockade [18, 19] .
Photon blockade arises from the anharmonicity in energy eigenvalues of an optical mode, which can be introduced via nonlinear interactions. Due to the anharmonicity, resonant excitation of one photon prohibits other photons from simultaneous excitation, giving rise to sub-Poissonian light. The early theories and experiments on photon blockade dealt with atom-coupled cavities [20, 21] , or quantum dot-coupled cavity QED systems [22] , or cavities with Kerr-type nonlinearity [23] . After that, there have been several studies on photon blockade in optical waveguides [24] , coupled cavities [25] [26] [27] , qubitcavity systems [28] , circuit-QED [29] [30] [31] , gain cavity [32] , and multiphoton blockade in some systems [33] [34] [35] . Numerous possible quantum device designs such as: singlephoton transistors [36] , quantum repeaters [37] , quantum gates [38] , quantum-optical Josephson interferometer [39] , fermionization of photons [40] , and crystallization of polaritons [41] rely on the phenomenon of photon blockade. In fact, generation of single photons plays a central role in light-based quantum computation and cryptography [42] [43] [44] [45] . * s.bijita@iitg.ernet.in † aksarma@iitg.ernet.in
Photon blockade in an optomechanical system was studied recently, where due to the photon-phonon nonlinear interaction, realization of antibunched sub-Poissonian light was predicted [18] . Subsequently photon blockade [46] [47] [48] , as well as phonon blockade [49] [50] [51] have been studied in various optomechanical and nanomechanical systems. However, similar to cavity-QED systems, realization of optomechanical photon blockade demands the criterion of strong-coupling, where the single-photon optomechanical coupling is strong enough to overcome system losses, in order to produce sufficient anharmonicity in the energy-levels [18] . Reaching this strong-coupling regime is a long-sought-after goal in cavity optomechanics, however only with a few realizations like cold-atomic clouds in optomechanical cavity [52, 53] , where this requirement has been met till date.
Recently, another mechanism for photon blockade which does not require the strong-coupling condition to hold, is invoked by Liew and Savona in coupledpolaritonic systems [54] . This method, named as the unconventional photon blockade, is based on quantum interference, in which strong photon antibunching was predicted with nonlinearity much smaller than the decay rate of the photonic modes [55] . Afterwards, it has been studied in other systems including coupled nonlinear photonic molecules [55] , coupled cavities with Kerr-type nonlinearity [56] [57] [58] [59] [60] [61] , coupled optomechanical cavities [62, 63] , coupled quantum dot-cavity system [64] , bimodal cavity [65, 66] , weakly nonlinear photonic molecules [67] , Gaussian squeezed states [68] , and with second-order nonlinearity [69] [70] [71] . Recently, unconventional photon blockade has also been realized experimentally in a quantum dot cavity system [72] .
In this paper, we study photon correlations in a nonlinear optomechanical cavity containing two optical modes and one mechanical mode which are cross-coupled by a three-mode interaction. We show that even when the Kerr-nonlinearities in the optical modes are weak, due to the three-mode interaction, distinct two-photon excitation pathways arise which gives rise to strong photon antibunching via unconventional photon blockade. The remainder of the paper is organized as follows. In Sec. II, we describe the model and derive the optimal conditions for photon blockade. In Sec. III, we calcu-late the equal-time second-order correlation function as well as the two-time correlation function for the higherfrequency cavity mode and analyze the photon blockade characteristics. We also discuss the effects of temperature and pure-dephasing induced decoherences. The results are summarized in Sec. IV.
II. MODEL AND THEORY
We consider a nonlinear optomechanical system as shown in Fig. 1(a) , that contains two cavity modes with frequencies, ω 1 and ω 2 , and one mechanical mode with frequency ω m . The Hamiltonian of the system reads This Hamiltonian indicates a three-mode interaction among the two optical modes and the mechanical mode, in which one photon from the mode, a 1 , is annihilated to create one photon in the mode, a 2 , and one phonon in the mechanical mode, b. In the reverse process, one photon from the mode, a 2 , and one phonon in the mode, b of the mechanical resonator are annihilated to create one photon in the mode, a 1 . In the following, we intend to study the photon antibunching effect in the mode, a 1 , arising as a result of this three-mode mixing Hamiltonian.
Photon antibunching would be studied by analyzing the normalized zero-time-delay second-order correlation function, given by
This quantity characterizes the joint probability of detecting two photons at the same time, which can be calculated numerically from the Lindblad master equation. The master equation for the driven-dissipative system is given byρ
where,
, are the Liouvillian operators for the two optical modes and the mechanical mode respectively. Here, n th = 1/[exp( ω m /k B T ) − 1] denotes the thermal phonon number in the mechanical mode at the bath temperature, T . The steady-state value of g (2) a (0) can be found numerically by solving the master equation and then from the steady state density matrix operator as, g
2 . In addition to the master equation approach, optimal conditions for photon blockade can be determined in the following manner. When the driving field is very weak in comparison to the Kerr nonlinearity, and the temperature is also very low, then, only the lower energy levels of the cavity and the mechanical modes are occupied [48] , as shown in Fig. 1(b) . Considering the allowed low-energy transitions given by the Hamiltonian in Eq. (3), the truncated state of the system is given by [55] |ψ = C 000 |000 + C 100 |100 + C 011 |011
where, C a1a2b 's are the amplitudes of the quantum states for which the corresponding occupation probability is given by |C a1a2b | 2 . The values of the coefficients can be determined by solving the Schrödinger equation, i d|ψ dt = H |ψ , where H is the non-Hermitian Hamiltonian containing the optical decay and mechanical damping terms
For a weak drive, a set of equations for the coefficients is obtained from the Schrödinger equation
Under the weak driving assumption, one can consider that {C 111 , C 022 , C 200 } {C 100 , C 011 } C 000 . Now, considering γ κ for typical optomechanical systems and substituting C 200 = 0, the optimal parameters for complete photon antibunching in the mode a 1 is given by (see Appendix): These optimal conditions correspond to the situation, where different transition paths leading to two-photon excitation in the mode a 1 interferes destructively, as shown in Fig. 1(b) .
III. RESULTS
In Fig. 2(a) , we show g g/κ = 2: ∆ opt /κ = 0.66, U opt /κ = 0.69; for g/κ = 2.5: ∆ opt /κ = 0.84, U opt /κ = 0.74. It can be observed from Fig. 2(a) that, as predicted from the optimal conditions calculated analytically, g (2) a (0) shows a strong antibunching effect at the optimal values of ∆/κ. Fig. 2(b) , demonstrates the two-time second-order correlation function g (2) a (τ ) which is calculated as:
This quantity, g
a (τ ) is proportional to the joint probability of detecting one photon at time, (t + τ ), provided another photon was detected at time, t, at that position [74] . The plots show g (2) a (τ ) under the optimal conditions for different values of J. We can observe that at τ = 0, g (2) a (0) ≈ 0, and for other delay times g
a (0). Therefore, it clearly demonstrates that the emitted photons are antibunched and sub-Poissonian in nature. From  Figs. 2(a) and (b) , one can observe that for the values of U falling in the weak coupling regime, i.e. U < κ, photon blockade can be realized owing to the quatum interference-inducing interaction, as verified by the optimal parameters.
In order to visualize the photon blockade effects more clearly, we show the contour plots of g (2) a (0) in Fig. 3 , as functions of normalized detuning, ∆/κ and normalized nonlinear strength, U/κ. In Figs. 3(a)-(d) , the values of g/κ are considered as: g/κ = 1 in (a), g/κ = 1.5 in (b), g/κ = 2 in (c), and g/κ = 2.5 in (d). The plots show that strong photon antibunching occurs exactly at the values predicted from the analytical calculations, in Eq. (9) .
Next, we want to study the influence of environmental phonon population on the photon blockade characteristics. In Fig. 4 , we demonstrate g of the bath phonon number, n th . For g/κ = 1, g (2) a (0) reaches 1 at n th ≈ 0.5, whereas, for g/κ = 1.5, 2 and 2.5, g (2) a (0) ≤ 1 upto n th ≈ 0.25. Therefore, it is evident that the environmental thermal phonon population has undesirable effect on the observation of photon blockade.
Till now, in our analysis, we have not considered the effect of pure dephasing induced decoherences. Pure dephasing may arise from instability of the laser drive, or coupling of the cavity modes to other mechanical modes, and due to this there can be perturbing effect on polarization , linewidth , transmittance, and photon statistics [63] . Therefore in the following, we analyze the effect of pure-dephasing on the antibunching properties of the cavity photons. The effects of pure dephasing can be modeled by adding another Lindblad term of the form a (0) increases near the optimal detuning. For higher values of pure-dephasing rates eg. γ p = 0.01κ, g (2) a (0) approaches classical Poissonian statistics.
IV. CONCLUSION
In conclusion, we analyzed the photon statistics in terms of the second-order correlation function, in a weakly driven optomechanical system, where two optical modes and one mechanical mode interact via a threemode mixing. Due to this coupling, additional twophoton excitation pathways are created in the higherfrequency optical mode, which can be exploited to obtain the desired photon blockade characteristics in the system via quantum interference. We derived the optimal parameters required for strong photon blockade by solving the non-Hermitian Schrödinger equation containing the damping and decay in the system. The numerical calculations of the second-order correlation function obtained from solving the master equation show agreement with the analytical calculations. It is observed that even when the Kerr-type nonlinearity is weak, under the optimal conditions corresponding to the fulfillment of the quantum-interference effect, photon blockade is possible in the system. ACKNOWLEDGMENTS B. Sarma gratefully acknowledges a research fellowship from MHRD, Govt. of India.
APPENDIX: CALCULATION OF OPTIMAL PARAMETERS
In steady-state, to solve the coupled equations, we follow the iterative method prescribed by Bamba et. al [55] , i.e. C 000 {C 100 , C 011 } {C 200 , C 111 , C 022 }. The optimal condition for complete photon blockade corresponds to when the probability of a photon in the state |200 equals zero. Therefore, at steady-state, the equations for C 100 and C 011 are given by: ∆ − i κ 2 C 100 + gC 011 + ΩC 000 =0, ∆ − i κ + γ 2 C 011 + gC 100 =0.
These two equations give the coefficints C 100 and C 011 as The necessary and sufficient condition for the existence of nontrivial solutions of Eqs. (13) gives the optimal parameters.
